In this Brief Report, we calculate the electric-double-layer (EDL) electrostatic potential in a system of several layers of immiscible electrolytes. Verwey-Niessen theory predicts that at the interface between two immiscible electrolytes back-to-back EDLs are formed. The present analysis extends this idea to the case where the immiscible liquids are contained inside a domain with given electrostatic potentials at its boundaries, where the thickness of the individual liquid layer can be comparable to the EDL thickness. Such a system gives rise to a situation where the overall EDL electrostatic potential in the system is dictated by the competitive influences of the boundary-induced effects and the effects induced by the jump in the ion-solvent interaction potential at the liquid-liquid interfaces. Invoking Debye-Hückel linearization, we derive an analytical result for the EDL electrostatic potential for two immiscible electrolyte layers, and extend it for a general system of N such immiscible electrolyte layers. We demonstrate that, depending upon the nature of the interfacial ion-solvent interaction potential jump, the overall EDL potential may manifest a strong influence of the boundary conditions or may invert the influence of the boundary conditions. Effects such as a variation of the ratio of the permittivity or the thickness of the liquids also dictate the overall potential profiles. In the present Brief Report, we address the problem of electric-double-layer (EDL) potential distribution in a system of immiscible electrolytes with given potentials at the domain boundaries, where the EDL thicknesses can be of the same order as the thicknesses of the electrolyte layers. The description is based on analyzing the free energy of the electrolyte system, where the effects of variation in the solvent composition must be accounted for by an appropriate variation in the chemical potential of the ions in contact with a particular solvent. Tsori and Liebler [9] studied a similar problem where they described the free energy of a two-component ion-containing miscible solvent. However, their analysis did not describe the effect of the liquid layer thickness being of the order of the EDL thickness, or the consequence of the interfacial jump in the ionic chemical potential. In this Brief Report, we shall invoke a similar model [9] , further simplified to account for immiscible solvents. The central result of this Brief Report is that, under certain conditions, the jump in the ion-solvent interaction potential can be so severe that it may augment the boundary effects to induce an even enhanced (as compared to that at the wall) potential in the bulk, or may nullify the boundary effects to such an extent as to enforce an electrostatic potential of opposite sign (as compared to the boundary) in almost the entire domain.
Ionic distributions at the interface between two immiscible electrolytes have been widely studied for several decades. At such interfaces, back-to-back electric double layers (EDLs) develop-as was first analyzed by Verwey and Niessen [1] based on Gouy-Chapman theory [2, 3] . Over the years, there have been several other studies extending Verwey-Niessen theory to include effects like ion adsorption at the interface [4, 5] , a finite width of the interface [6, 7] , or ionic-molecular interactions [8] , etc.
In the present Brief Report, we address the problem of electric-double-layer (EDL) potential distribution in a system of immiscible electrolytes with given potentials at the domain boundaries, where the EDL thicknesses can be of the same order as the thicknesses of the electrolyte layers. The description is based on analyzing the free energy of the electrolyte system, where the effects of variation in the solvent composition must be accounted for by an appropriate variation in the chemical potential of the ions in contact with a particular solvent. Tsori and Liebler [9] studied a similar problem where they described the free energy of a two-component ion-containing miscible solvent. However, their analysis did not describe the effect of the liquid layer thickness being of the order of the EDL thickness, or the consequence of the interfacial jump in the ionic chemical potential. In this Brief Report, we shall invoke a similar model [9] , further simplified to account for immiscible solvents. The central result of this Brief Report is that, under certain conditions, the jump in the ion-solvent interaction potential can be so severe that it may augment the boundary effects to induce an even enhanced (as compared to that at the wall) potential in the bulk, or may nullify the boundary effects to such an extent as to enforce an electrostatic potential of opposite sign (as compared to the boundary) in almost the entire domain.
Among others, the model developed in this Brief Report is relevant for all situations in which a thin electrolyte film covers a wall in the presence of a second immiscible electrolyte. Examples are electrochemical setups utilizing electrodes covered by a thin liquid film [10] [11] [12] , for which the rate of electrode reactions is dictated by the EDL structure at the electrode surface (see [13] and references therein).
We shall start from the free-energy description of the system, expressing the free energy F as
where f is the free-energy density expressed as (assuming monovalent ions and based on a mean-field approach)
Here f b is the free-energy density of the solvent, k B T is the thermal energy, ψ is the electrostatic potential, e is the electric charge, is the permittivity, n ∞ is the bulk ionic number density, n ± are ionic number densities, and β ± are the ionic interaction energies with the solvent. As the system consists of immiscible liquids of a known spatial arrangement, f b is known beforehand. Thus the equilibrium conditions can be obtained by employing δF /δψ = 0 and δF /δn ± = 0, i.e.,
and Equation (4) gives the Boltzmann distribution as
demonstrating that one recovers the classical Boltzmann distribution in case β ± = 0. Using Eq. (5) in Eq. (3), we get the Poisson-Boltzmann
We first consider the geometry as illustrated in Fig. 1 , and assume the length of the lower layer h 1 as the relevant length scale. Hence the important dimensionless parameters areψ = eψ/k B T ,ȳ = y/ h 1 ,β ± = β ± /k B T , and¯ = /( 0 w ) ( w is the relative permittivity of water), so that the dimensionless form of Eq.
where λ is the characteristic EDL thickness expressed as λ = 0 w k B T /2n ∞ e 2 . As the system consists of two immiscible liquid layers, we can express the permittivity and the ionic interaction potential profiles as¯
where θ (x) is the Heaviside function. Using Eqs. (8) and (9), we can simplify Eq. (7) as [we denotē ψ for 0 ȳ 1 asψ 1 andψ for 1
In the Debye-Hückel approximation, the above two equations can be analytically solved as
where λ e 1 =λ and K 1 , K 2 , K 3 , and K 4 are constants.
These constants can be evaluated in the presence of the following boundary conditions:
(hereψ c will be determined a posteriori), so as to obtain The above results can be generalized for a system of N immiscible electrolyte layers as (19) successively to obtain the potential distribution within any layer i and the potential at the interface between any two adjacent layers i and i + 1. Henceforth, we shall provide results only corresponding to N = 2; however, Eqs. (18) and (19) can always be invoked to provide results for any N.
We first study the electrostatic potential variations for the case of no ion-solvent interaction potentials [see Figs. 2(a)  and 2(b) ]. A smaller permittivity for a given liquid implies that the corresponding potential gradient must be steeper, as is evident from Figs. 2(a) and 2(b) . For h 1 /h 2 > 1, the relative EDL thickness (with respect to the entire channel height) is enhanced, whereas for h 1 /h 2 < 1, it is diminished [see Fig. 2(b) ]. Figures 3(a)-3(c) represent the central results of this Brief Report, demonstrating the effect of finite ion-solvent interaction energies. As a consequence, the overall electrostatic potential in the system will result from the mutually augmenting and nullifying effects of the EDLs at the boundaries and those induced by the jumps in ion-solvent interaction potential at the interfaces between the layers. We first consider the case of layers with identical permittivities and thicknesses [ Fig. 3(a) ]. A jump for the anions (i.e., a finite positive β 1,− or β 2,− ) lowers the overall anion concentration in the system [see Eq. (5)]. For example, in the case of a finite positive β 1,− , the lower electrolyte layer acquires a net positive charge. For large enough values of β 1,− , instead of screening the wall charge, this charge has the opposite effect of letting the electrostatic potential increase over the value prescribed at the wall. By contrast, a finite positive β 1,+ lowers the overall cation concentration in the system and brings additional negative charges into the lower layer, leading to a fast screening of the wall potential and large negative potential values.
Figures 3(b) and 3(c) show the coupled effects of finite interfacial ion-solvent interaction energy jumps as well as differences in the permittivity and the layer thickness of the two liquids. As has been discussed before, h 1 /h 2 > 1 implies a more dominant influence of the wall EDL (since the EDL thickness has been fixed relative to h 1 ), whereas h 1 /h 2 < 1 signifies the reverse. Also, such a variation in the thicknesses of the individual layers will imply unequal effects of the jumps in ionic energies β 1,± or β 2,± . For h 1 /h 2 > 1 [see Fig. 3(b) ], a jump in β 2,± has a much less pronounced effect. The effect is further decreased in case 1 / 2 < 1. On the contrary, jumps in β 1,± have a remarkable influence on the overall potential. Depending on whether the jump amplifies (caused by a jump in β 1,− ) or reverses (caused by a jump in β 1,+ ) the boundary effect, one gets either an almost uniformly enhanced (as compared to the boundary potential) potential across the entire domain or a substantially large (compared to the magnitude of the wall potential) negative potential across the major portions of the domain. For h 2 /h 1 > 1, interfacial effects show a greater influence on the overall electrostatic potential in the system for the case where there is a jump in the ionic interaction potential β 2,± [see Fig. 3(c) ]. The present model can also be used to study an interesting limiting case, where an unbounded liquid medium is separated from a boundary by a very thin layer of immiscible electrolyte (i.e., we consider h 1 /h 2 1) (see Fig. 4 ). Most of the interesting effects occur within the thin electrolyte layer and, accordingly, we show results for a distance from the lower boundary up to y/(h 1 + h 2 ) = 0.2. These results can be easily interpreted from the results corresponding to Fig. 3(c) . Figure 4 also allows us to verify whether, with the chosen parameters, the Debye-Hückel assumption is violated. One example is the case corresponding to 1 / 2 = 1 andβ 2,+ = 0.5. For this case at large distances from the wall, one has d 2ψ /dȳ 2 = 0, implying that the resulting finite potentialψ 0 must be obtained by equating the cation and anion concentrations, expressed in Eq. (5), and, without the Debye-Hückel approximation, this value isψ 0 = −β 2,+ /2 = −0.25. From the plot, obtained under Debye-Hückel approximation, we recoverψ 0 = −0.246, implying that with the chosen parameters the results never violate the Debye-Hückel approximation. One can also apply Debye-Hückel linearization (toψ) to Eq. (5) and emploȳ ψ =ψ 0 ,β − = 0, andβ + =β 2,+ to obtain the condition ψ 0 = 1 − 2/(1 + e −β 2,+ ). Now ifβ 2,+ is sufficiently small, such that eβ 2,+ ≈ 1 −β 2,+ and (1 −β 2,+ /2) −1 ≈ 1 +β 2,+ /2, we get backψ 0 ≈ −β 2,+ /2. This establishes that one needs to operate at values of |β ± | < 1 to ensure that our results never violate the Debye-Hückel approximation. In fact, |β ± | < 1 ensures that the Debye-Hückel approximation is never violated in the bulk of the electrolyte, whereas |ζ | < 1 (required to expandψ in linearized form) ensures that it is never violated at the boundaries.
To summarize, we have demonstrated the remarkable impact of confining a system of immiscible electrolytes between two boundaries of given potential with a distance being of the order of the EDL thickness. We show that the net electrostatic potential in the system is dictated by the mutually supportive and opposing influences of two effects-the EDLs at the boundaries and the liquid-liquid interfacial ion-solvent interaction potential jump.
